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Abstract. Low-grade gliomas (LGGs) represent a significant
proportion of hemispheric gliomas in adults. Although less
aggressive than glioblastomas (GBMs), they have a broad
range of biologic behavior, and often a limited prognosis. The
aim of the present study was to explore LGG growth kinetics
through a combination of routine MRI imaging and a novel
adaptation of a mathematical tumor model. MRI imaging
in 14 retrospectively identified grade II LGGs that showed
some tumor enhancement was used to assess tumor radii at
two separate time-points. This information was combined
with a reaction‑diffusion partial-differential equation model
of tumor growth to calculate diffusion (D) and proliferation
(ρ) coefficients for each tumor, representing measures of
tumor invasiveness and cellular multiplication, respectively.
The results were compared to previously published data on
GBMs. The average value of D was 0.034 mm2/day and ρ was
0.0056/day. Grade II LGGs had a broad range of D and ρ. On
average, the proliferation coefficient ρ was significantly lower
than previously published values for GBM, by about an order
of magnitude. The diffusion coefficient, modeling invasiveness, however, was only slightly lower but without statistical
significance. It was possible to calculate detailed growth
kinetic parameters for some LGGs, potentially providing a
new way to assess tumor aggressiveness and possibly gauge
prognosis. Even within a single-grade (WHO II), LGGs were
found to have broad range of D and ρ, possibly correlating to
their variable biologic behavior. Overall, the model parameters
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suggest that LGG is less aggressive than GBM based primarily
on a lower index of tumor proliferation rather than on lesser
invasiveness.
Introduction
Low-grade (WHO grade II) gliomas (LGGs) represent ~25 to
30% of hemispheric gliomas in adults (1). Despite the absence
of gross mitoses, nuclear pleomorphism and vascular endothelial proliferation (i.e., the histologic features which characterize
high-grade gliomas), they nonetheless have a somewhat poor
prognosis, with median survival rates of 7-8 years (2,3). This
is, in large measure, due to the diffusely infiltrative growth
pattern of these tumors, which gradually invade the adjacent
neuropil (4,5). On the one hand, this invasive growth pattern
stands in distinction to that of the ̔benign’ or non-infiltrative
astrocytic (WHO grade I) tumors, such as pilocytic astrocytoma, but on the other, it is significantly less pronounced
than the capacity for invasion and proliferation exhibited by
high-grade gliomas such as glioblastoma (GBM) (6). Within
these vague boundaries, there seems to be a broad range of
growth kinetics for LGGs. Indeed, it is generally recognized
that tumor grading is not precise, as the characteristics of
invasion and proliferation actually represent a biological
continuum among astrocytomas (7). This continuum exists not
only between grades, but also within them, as the proliferative index of grade II gliomas has been shown to vary among
tumors, tending, for example, to be higher in older patients (8).
This broad variability of growth characteristics, the relatively young age of patients at presentation, and the potential
morbidity of therapies, have led to considerable controversy
over the optimal management of LGGs. This controversy
emerges from what some authors have termed the dilemma
between ̔too much therapy, too early and too little, too
late’ (9,10). One approach to navigating the dilemma lies in the
concept which Duffau has termed ̔the fundamental principle
of personalized management’ (11). Among the emerging tools
to help realize this goal of personalized tumor management
is the measurement of individual in vivo tumor kinetics using
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a combination of mathematical modeling and MR imaging.
This approach allows the use of routine MR imaging data in a
novel and quantitative fashion to characterize tumor growth in
individual patients.
The combination of mathematical modeling with tumor
imaging has already been successfully used to model the
growth kinetics of GBM by some investigators. It was originally
pioneered by Harpold et al (12), Tracqui et al (13), Wang et al (14),
and Murray (15), using a reaction-diffusion partial-differential
equation model of cell density as a function of space and time.
The model accounts for both the infiltrative nature of the tumor
using a diffusion term, and the net proliferation of tumor cells
using a proliferation term (12-15). To date, however, there have
been only limited applications of this model to low-grade
gliomas (16,17).
This paper introduces the reaction-diffusion model, and
applies it to a population of low-grade gliomas to calculate
both their diffusion and proliferation coefficients, with several
important results. To the knowledge of the authors, this is the
first such detailed application of this model to LGGs.
Materials and methods
Mathematical model. The mathematical model relies on a reaction-diffusion partial-differential equation which calculates
cell density as a function of space and time. The model uses a
mass-balance approach, stating that in any given location, the
number of tumor cells increases only by new cells which move
into the region or new cells produced by tumor proliferation.
Thus, the model accounts for both the infiltrative nature of the
tumor using a diffusion term, and the proliferation of tumor
cells using a proliferation term (12-15). The proliferation of the
tumor is modeled in standard fashion using a so-called logistic
growth term, where-in the rate of growth slows down as the
cell density increases toward the tissue carrying capacity (12).
In words, the equation of the tumor model can be stated
as follows:
Rate of change of tumor cell density (at a location x) = Net
invasion (diffusion) of tumor cells + net proliferation of tumor
cells. In mathematical terms, this may be restated as (12):

where the various terms are defined as follows: c(t,x) is the
tumor cell density, in terms of cells/mm3, which is a function of position x and time t. D(x) is the diffusion term, in
mm2/day, which models local tumor invasion of tumor cells
c
ρc(1 -_K) is a logistic tumor growth term, where ρ is the tumor
proliferation rate in units of (/day), governed by a tissue tumor
carrying capacity K, in units of cells/mm3.
With a constant diffusion term, and in one spatial dimension, we get the classical Fisher-Kolmogorov reaction-diffusion
equation successfully used by previous investigators to model
many aspects of GBM growth dynamics (12,13,15):
Equation (1)
The differential equation is solved using a standard
finite‑difference algorithm in Matlab.

The initial and boundary conditions are similar to those
conventionally employed in the reaction diffusion models of
2
Rockne et al (18). Specifically, we used c(0, x) = 0.8K * e-0.25x .
The carrying capacity for the tissue K, can be considered a
cell density of 105 cells/mm 3 (19). The solution domain is
L = 200 mm, and we use the standard zero-flux boundary
__ = 0 at x = 0 and at x = L (20).
conditions ∂c
dx
The above reaction-diffusion model provides an evolution of the tumor cell density with time, where cell density
gradually increases toward the carrying capacity K and where
the tumor grows in space, with the tumor cell-density curve
moving to the right (Fig. 1).
As can be seen from Fig. 1, at any time-point, the model
predicts a gradient of cell density, decreasing with distance
from the center of the tumor. These mathematical predictions
mirror direct histological observations of cell density gradients
in GBM (21). The model estimates this gradient by setting cell
density thresholds for tumor visibility on both T1 post-contrast
images and FLAIR/T2 images (12,22) (Fig. 2).
In addition, using T1 post-contrast tumor radii from two
serial MRI scans, a radial velocity of the tumor is calculated.
The estimated tumor cell density gradient and the radial tumor
velocity can then be used to calculate individual values of D
and ρ for each patient, as described by Harpold et al (12), and
used by Swanson et al (14,22,23).
It is noted that using Equation 1, it is possible to mathematically derive an asymptotic estimate of the rate of radial
tumor growth (i.e., tumor velocity) over long growth times.
This estimate, known as the Fisher's approximation, states that
--ρ (14,18,22).
v = 2√D
Patient selection, MR imaging and tumor measurements.
Fourteen patients with grade II glioma were retrospectively
identified from the UCLA Neuro-Oncology Database from
January 2005 to January 2013 who had a biopsy proven diagnosis of non-transforming grade II LGG, but with some contrast
enhancement. Data acquisition was performed in compliance with all applicable regulations of the Health Insurance
Portability and Accountability Act. All UCLA patients in this
study signed institutional review board‑approved informed
consent to have their data included in our research database.
Standard MR imaging data were acquired by using either
a 1.5T or 3T MR imaging scanner (Sonata/Avanto/Trio/Verio;
Siemens, Erlangen, Germany) using pulse sequences supplied
by the manufacturer. Typical imaging sets included axial
T1-weighted (TR, 400 msec; TE, 15 msec; section thickness,
5 mm), T2-weighted fast spin-echo (TR, 4,000 msec; TE,
126-130 msec; section thickness, 5 mm), and FLAIR (TR,
8,802 msec; TE, 122 msec; TI, 2,100 msec; section thickness,
3 mm) and gadopentetate dimeglumine enhanced (Magnevist,
0.1 mmol/kg; Berlex, Wayne, NY, USA) axial and coronal
T1-weighted images (TR, 400 msec; TE, 15 msec; section
thickness, 3 mm), with an FOV of 24 cm and a matrix size
of 256x256. Post-contrast images were acquired immediately
following contrast injection.
Contrast-enhancing and T2-weighted hyperintense tumor
regions were segmented by using standard techniques. Briefly,
tumor ROIs were isolated by manually defining the relative
region of tumor occurrence, thresholding post-contrast
T1-weighted images within these regions by using an empiric
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Figure 1. The time evolution of the cell density profile as given by the standard reaction-diffusion model of Equation 1, with K=105 cells/mm3, D (0.4 mm2/
day) and ρ (0.04/day).

This was performed on two MRI scans separated in time, with
the number of days tallied between each scan to allow calculation of tumor velocity in terms of mm/day (Fig. 3).

give individual estimates of tumor invasiveness and net proliferation for each patient. It is noted that there was a significant
spread in values for both D and ρ. For the LGG cohort, the
average value of D was 0.0338 mm2/day, and the average value
of ρ was 0.00564/day.
Although there was significant variation in the values of D
and ρ, it is useful to also look at both individual and average
values for the entire cohort in relation to more aggressive
tumors, such as GBM, to give a sense of the relative behavior
of LGGs to GBMs in terms of invasiveness and proliferation.
Data for D and ρ have been previously published in Wang
et al for 32 GBMs (14). This was used for comparison with our
cohort of LGGs. The data show that GBMs have, on average,
higher diffusion and proliferation coefficients than LGGs.
In terms of D, the average for the full cohort of GBMs was
0.078 mm 2/day, vs. 0.0338 for the cohort of LGGs (P= 0.125
for a two-tailed t-test). In terms of ρ, the difference was much
more significant, with an average ρ of 0.089/day for GBMs,
compared to 0.00564/day for LGGs (P= 0.0035 for a twotailed t-test).
For the purposes of illustration, Fig. 4 shows a graphical
display of D and ρ for GBMs vs. LGGs, using 13 GBMs chosen
at random from the cohort published in Wang et al (14).
The data show that GBMs, on average, have higher diffusion (D) and proliferation (ρ) rates, with the difference in
proliferation coefficients showing high statistical significance
(see Discussion).

Results

Discussion

As described above, D and ρ were calculated from the mathematical model, with results shown in Table I. These values

The initial management of patients with low-grade gliomas
typically involves observation with serial MR imaging,

Figure 2. Schematic showing cell density vs. distance from tumor center,
illustrating the use of cell density thresholds to delineate calculated tumor
radius on T1 post-contrast and T2-weighted images.

threshold, and then manually editing the resulting masks to
exclude any non-tumor tissue. Tumor volume (V) was calculated, and mean tumor radius was calculated as:
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Figure 3. Post-contrast T1 axial (A and B) and FLAIR axial (C and D) images in a representative patient separated by 210 days.

Table I. Calculated values for D and ρ for each of the tumor
patients.
Patient

D (mm2/day)

ρ (per day)

1
2
3
4
5
6
7
8
9
10
11
12
13
14

0.00248994
0.00682525
0.00454081
0.00505126
0.00138135
0.02763844
0.00935318
0.10542301
0.00451929
0.02943589
0.04582795
0.03063511
0.04600428
0.01689673

0.00022432
0.00070728
0.00042162
0.00287003
0.01491739
0.00453089
0.00696439
0.03073557
0.00305978
0.00434799
0.00303496
0.00033665
0.00232697
0.00152223

D, tumor diffusion coefficient; ρ, tumor diffusion coefficient.

usually with qualitative or semi-quantitative data (i.e.,
overall tumor size) used to help guide therapy. This study
presents a novel combination of routine MR imaging and
mathematical modeling to extract more precise quantitative
information about tumor growth kinetics. Specifically, the use
of a reaction‑diffusion partial-differential equation model of
tumor growth and two serial MR scans was sufficient to allow
estimates of tumor invasiveness, modeled by D (the tumor
diffusion coefficient), and tumor proliferation, modeled by ρ
(the tumor proliferation coefficient). This represents, to the
knowledge of the authors, the first such estimates for LGGs,
and potentially represents a substantial new extension in characterizing their biologic behavior.
As a first assessment of the model's results, the diffusion
and proliferation coefficients for our LGG population were
compared to values for 32 GBMs previously published in

Figure 4. D and ρ plot for LGGs vs. GBMs. The LGGs have on average lower
D and lower ρ. LGGs, low-grade gliomas; GBMs, glioblastomas; D, tumor
diffusion coefficient; ρ, tumor proliferation coefficient.

Wang et al (14). This comparison shows that there is a difference in both diffusion and proliferation coefficients, with
GBMs exhibiting higher coefficients, as expected. A notable
outcome is that the difference between LGGs and GBMs is
much more pronounced in the proliferation coefficient ρ than
in D. These results represent the first empiric testing of the
assumptions made by Woodward et al in their modeling of
the efficacy of surgery for gliomas, specifically that LGGs
have diffusion and proliferation rates that are about one-tenth
that of GBMs (12). Our results suggest that the assumption
is true for proliferation, but that the difference is much less
pronounced for diffusion. This, in turn, suggests that for our
model's parameters, the aggressiveness of GBMs relies more
on their high tumor proliferation rates than on greater local
invasiveness, although both are significant factors.
Most importantly, though, the model shows a significant
heterogeneity of the diffusion and proliferation coefficients
among the LGG cohort, underscoring the broad range of
growth characteristics within a group of tumors all classified
as grade II gliomas. Indeed, earlier quantitative study has
demonstrated the broad heterogeneity which exists among
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low-grade gliomas. For example, a recent study by Pallud et al
estimated the velocity of diametric tumor expansion for a
large group of LGGs, finding a range of 5.8±6.3 mm/year (26).
In that study, it was shown that the velocity of spontaneous
tumor expansion is quite variable among LGGs, and is a strong
predictor of survival, independent of tumor genetics (26). This
is concordant with our model, since high tumor velocities
correlate directly with high D and high ρ.
Thus, to date, however, most kinetics study on LGGs has
focused on the aggregate parameter of tumor growth rate
(corresponding to radial tumor velocity v in our model). This
approach has generated some important results. The study of
Pallud et al showed that higher tumor velocities correlated with
more aggressive tumors and shorter survival times (26). More
recently, Brasil Caseiras et al demonstrated that a 6-month
tumor velocity was the single best predictor of the likelihood
and timing of malignant transformation, which had previously
been considered a fairly unpredictable event (27).
--ρ shows, the
However, as the Fisher approximation v = 2√D
same radial velocity can arise from various combinations of
D and ρ. The main contribution of the present study is that it
allows individual delineation of D and ρ, which is a significant
refinement over using just the radial tumor velocity, and which
may have significant prognostic and therapeutic implications.
The separate effect of D and ρ on such issues as time to
progression to high-grade glioma, and on patient survival, is
thus suggested as a significant avenue of future research. Such
an approach may have the capacity to refine the important
results of Pallud et al and Brasil Caseiras et al (26,27). For
example, looking at the LGG vs. GBM D and ρ data, it is noted
that ρ differs significantly more than D between the 2 groups,
with about a 2-fold difference in D, but slightly greater than an
order of magnitude difference in ρ. This raises the possibility
that in LGGs, small variations in D could have more impact
than small variations in ρ for the same tumor velocity. On the
other hand, it suggests that larger tumor growth velocities,
such as the fast growing tumors in the LGG cohorts studied
by Pallud et al and Brasil Caseiras et al, likely arise from
significantly larger values of ρ rather than D.
These issues, of course, need to be settled empirically.
However, the model suggests that D and ρ are likely to have
an individual significance in tumor biologic behavior beyond
their aggregate contribution to velocity of growth. This can
be seen by considering the D/ρ ratio, which has been termed
the ̔invisibility index’ of the tumor. This ratio correlates to
the proportion of tumor cells which are beyond the T2/FLAIR
tumor margin (12). The phenomenon of tumor infiltration
beyond the MR-visible tumor margins is well-documented,
and is significant to patient prognosis (28). In our cohort of
grade II LGGs, there was a wide spectrum of D/ρ ratios,
ranging from 0.93 to 19.8, showing that it is an important factor
to consider. Our simulations show that in terms of the model, a
D/ρ ratio of 1 correlates with 1.8% of tumor cells being beyond
the T2 boundary, while for a D/ρ ratio of 30, 5.3% of cells are
beyond the T2 boundary. The D/ρ ratio also has a direct correlate to the distance which cells are present beyond the visible
tumor margin, this distance being greater for tumors with a
high D/ρ ratio; this, in turn, may have a significant impact on
the success or failure of surgical resection. The importance
of the D/ρ ratio to the accurate prediction of survival of GBM
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patients, using the above model and incorporating the extent
of surgical resection, has already been preliminarily demonstrated (23). Conversely, a low D/ρ ratio suggests relatively
aggressive tumor proliferation, and low D/ρ ratios have been
shown by Szeto et al to be associated with higher levels of
tumor hypoxia using FIMSO-PET (29). This higher tissue
hypoxia, in turn, may correlate with radioresistance.
Clearly, mathematical models are idealizations of a much
more complex underlying biology, but they have utility if they
can capture essential features of the phenomenon under study.
As noted above, this study presents a new application of the
reaction-diffusion model to LGGs, showing the model's utility,
and pointing to avenues of future research.
The present iteration of the model has several limitations.
In general, of course, there is cellular heterogeneity within all
tumors, and hence calculation of parameters such as D and
ρ represents an aggregate measure. Another limitation is that
invasiveness is an active process, and can only be roughly
modeled as a passive diffusion phenomenon. These limitations would apply to all gliomas. More specific to the present
model and its adaptation from GBMs to LGGs is the need for
contrast enhancement within the tumor for the calculation of
D and ρ. This restricts the application of the model, since only
a minority of LGGs show contrast enhancement. Although
figures of up to 40% have been quoted in the literature, that
may be an overestimate (30,31). Our group is currently investigating the possibility of extending the model to also analyze
the kinetics of non-enhancing gliomas. This may require an
analysis of linear growth velocities and the use of the Fisher's
approximation, in conjunction with a priori average estimates
of D in order to calculate ρ. Given the fact that there is only a
2-fold difference in D between LGGs and GBMs, it may not
be unreasonable to assume a relative stability of D between
enhancing and non-enhancing LGGs. A similar approach,
assuming an average value of ρ for GBMs, has been used by
Swanson et al to model patient survival after surgery (23).
However, the accuracy of such approaches will require further
empiric confirmation.
In conclusion, a reaction-diffusion partial-differential
equation model, previously used in GBM modeling, can be
applied to low-grade gliomas. Using only routine MRI scans at
2 time-points, individual estimates of tumor invasiveness and
tumor proliferation may be obtained. This model may explain
variability in aggressiveness of low-grade gliomas as well as
significant differences in growth kinetics compared to GBM.
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